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A complete convergence theorem for row sums from
arrays of rowwise independent random elements
in Rademacher type p Banach spaces. II

Tien-Chung Hua, Andrew Rosalskyb, Andrei Volodinc, and Sen Zhanga

aDepartment of Mathematics, National Tsing Hua University, Hsinchu, Taiwan, Republic of China;
bDepartment of Statistics, University of Florida, Gainesville, Florida, USA; cDepartment of Mathematics
and Statistics, University of Regina, Regina, Saskatchewan, Canada

ABSTRACT
In this correspondence, for an array of rowwise independent random
elements fVn, k , 1 � k � kn, n � 1, kn ! 1g taking values in a real
separable Rademacher type p ð1 � p � 2Þ Banach space and a
sequence of positive constants fcn, n � 1g, the main result provides
conditions for the complete convergence resultP1

n¼1 cnP max1�k�kn

Pk
i¼1 Vn, i

��� ������ ��� > e
� �

< 1 for all e > 0 to hold.

The complete convergence does not necessary hold if the
Rademacher type p hypothesis is dispensed with. Corollaries of the
main result are obtained and illustrative examples are presented.
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1. Introduction

This article is a follow-up to the article by Hu, Rosalsky, and Volodin [1] establishing
complete convergence for row sums from arrays of rowwise independent random ele-
ments taking values in a real separable Rademacher type p ð1 � p � 2Þ Banach space.
The reader may refer to Hu, Rosalsky, and Volodin [1] for a discussion regarding the
relevant literature on complete convergence and for a review of the following technical
definitions and concepts that pertain to the current work: complete convergence,
Rademacher type p ð1 � p � 2Þ Banach space, random element V , EðVÞ, and rowwise
independent. Throughout, all random elements are defined on a probability space
ðX,F ,PÞ and take values in a real separable Banach space X with norm jj � jj and
fkn, n � 1g is a sequence of positive integers with kn ! 1 as n ! 1:

At the origin of the current investigation is the following complete convergence the-
orem of Hu, Rosalsky, and Volodin [1].

Theorem 1.1. (Hu, Rosalsky, and Volodin [1], Theorem 3.1). Let fVn, k, 1 � k � kn, n �
1g be an array of rowwise independent random elements taking values in a real separable
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Rademacher type p ð1 � p � 2Þ Banach space and let fcn, n � 1g be a sequence of posi-
tive constants. Suppose for some J> 0 and some d1, d2 > 0 that

X1
n¼1

cn
Xkn
k¼1

PðjjVn, kjj > eÞ < 1 for all e > 0, (1.1)

X1
n¼1

cn
Xkn
k¼1

E jjVn, kjjpI jjVn, kjj � d1ð Þ� �0
@

1
A

J

< 1, (1.2)

and

Xkn
k¼1

EðVn, kIðjjVn, kjj � d2ÞÞ ! 0 as n ! 1: (1.3)

Then

X1
n¼1

cnP
Xkn
k¼1

Vn, k

�����
�����

�����
����� > e

0
@

1
A < 1 for all e > 0: (1.4)

Theorem 1.1 extends Theorem 1 of Sung, Volodin, and Hu [2] and Theorem 3.1 of Hu,
Rosalsky, and Wang [3]. Theorem 3.1, the main result in the current work, is a com-
plete convergence theorem and it relates to Theorem 1.1 as follows. A strengthening of
condition (1.3) to (3.3) results in a strengthening of the conclusion (1.4) to (3.4). It is
clear that Theorems 1.1 and 3.1 as well as the subsequent corollaries of Theorem 3.1
only have content if

P1
n¼1 cn ¼ 1:

The plan of the paper is as follows. The lemmas employed for proving Theorem 3.1
are presented in Section 2. Theorem 3.1 is stated and proved in Section 3. Five corolla-
ries of Theorem 3.1 are presented in Section 4 and four illustrative examples are pre-
sented in Section 5.

2. Lemmas

The following three lemmas are used to establish Theorem 3.1.

Lemma 2.1. (Ledoux and Talagrand [4], Proposition 6.7, p. 155). Let Vk, 1 � k � n be
independent random elements taking values in a real separable Banach space. Then

P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 3sþ t

0
@

1
A � P max

1�k�n
jjVkjj > t

� �þ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > s

0
@

1
A

0
@

1
A

2

, s > 0, t > 0:

Lemma 2.2. For all integers j � 0, there exists a constant 0 < Cj < 1 depending only on
j such that for all n � 1 and every set fVk, 1 � k � ng of n independent random elements
taking values in a real separable Banach space,
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P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > ð3jþ1 � 1Þt

0
@

1
A � CjP max

1�k�n
jjVkjj > 2t

� �þ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 2t

0
@

1
A

0
@

1
A

2j

, t > 0:

(2.1)

Proof. For j¼ 0, the inequality (2.1) is immediate with C0 ¼ 1: We proceed by induction
on j. Suppose that (2.1) holds for some j � 0: Then for jþ 1, we have for all t> 0 by
Lemma 2.1 with s replaced by ð3jþ1 � 1Þt and t replaced by 2t that

P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > ð3jþ2 � 1Þt

0
@

1
A

¼ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 3ð3jþ1 � 1Þt þ 2t

0
@

1
A

� P max
1�k�n

jjVkjj > 2t
� �þ P max

1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > ð3jþ1 � 1Þt

0
@

1
A

0
@

1
A

2

� P max
1�k�n

jjVkjj > 2t
� �þ CjP max

1�k�n
jjVkjj > 2t

� �þ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 2t

0
@

1
A

0
@

1
A

2j
0
B@

1
CA

2

ðby the induction hypothesisÞ
¼ P max

1�k�n
jjVkjj > 2t

� �þ C2
j P max

1�k�n
jjVkjj > 2t

� �� �2

þ 2CjP max
1�k�n

jjVkjj > 2t
� �

P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 2t

0
@

1
A

0
@

1
A

2j

þ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 2t

0
@

1
A

0
@

1
A

2jþ1

� ð1þ C2
j þ 2CjÞP max

1�k�n
jjVkjj > 2t

� �þ P max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > 2t

0
@

1
A

0
@

1
A

2jþ1

:

Hence taking Cjþ1 ¼ 1þ C2
j þ 2Cj completes the proof. w

Lemma 2.3. (Rosalsky and Van Thanh [5], Lemma 2.1). Let X be a real separable
Rademacher type p ð1 � p � 2Þ Banach space. Then there exists a constant 0 < Ap < 1
depending only on p such that for every sequence of independent mean 0 random ele-
ments taking values in X ,
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E max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
�����

0
@

1
A

p

� Ap

Xn
i¼1

EjjVijjp, n � 1:

3. The main result

With the lemmas in hand, the main result may be stated and proved.

Theorem 3.1. Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent random
elements taking values in a real separable Rademacher type p ð1 � p � 2Þ Banach space
and let fcn, n � 1g be a sequence of positive constants. Suppose for some J> 0 and some
d1, d2 > 0 that

X1
n¼1

cn
Xkn
k¼1

PðjjVn, kjj > eÞ < 1 for all e > 0, (3.1)

X1
n¼1

cn
Xkn
k¼1

E jjVn, kjjpI jjVn, kjj � d1ð Þ� �0
@

1
A

J

< 1, (3.2)

and

max
1�k�kn

Xk
i¼1

EðVn, iIðjjVn, ijj � d2ÞÞ
�����

�����
�����

�����! 0 as n ! 1: (3.3)

Then

X1
n¼1

cnP max
1�k�kn

Xk
i¼1

Vn, i

�����
�����

�����
����� > e

0
@

1
A < 1 for all e > 0: (3.4)

Proof. Let e > 0 be arbitrary. Choose a positive integer j and a real number A such that

2j > J and 0 < A < min
e

3ð3jþ1 � 1Þ , d1, d2
� �

:

For n � 1 and 1 � k � kn, let

Vð1Þ
n, k ¼ Vn, kIðjjVn, kjj � AÞ,Vð2Þ

n, k ¼ Vn, kIðA < jjVn, kjj � d2Þ, and Vð3Þ
n, k

¼ Vn, kIðjjVn, kjj > d2Þ:
Then

Vn, k ¼ Vð1Þ
n, k � EVð1Þ

n, k þ Vð2Þ
n, k � EVð2Þ

n, k þ Vð3Þ
n, k þ EVð1Þ

n, k þ EVð2Þ
n, k, 1 � k � kn, n � 1

and so
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X1
n¼1

cnP max
1�k�kn

Xk
i¼1

Vn, i

�����
�����

�����
����� > e

0
@

1
A

�
X1
n¼1

cnP max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

þ
X1
n¼1

cnP max
1�k�kn

Xk
i¼1

ðVð2Þ
n, i � EVð2Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

þ
X1
n¼1

cnP max
1�k�kn

Xk
i¼1

Vð3Þ
n, i þ

Xk
i¼1

ðEVð1Þ
n, i þ EVð2Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

� I þ II þ III ðsayÞ:
The conclusion (3.4) will be established provided we can show that I < 1, II < 1,
and III < 1:

We first show that I < 1: Note that for all n � 1,

max
1�k�kn

jjVð1Þ
n, k � EVð1Þ

n, kjj � 2A <
2e

3ð3jþ1 � 1Þ almost surely ða:s:Þ: (3.5)

Then

P max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

¼ P max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

����� > ð3jþ1 � 1Þ e

3ð3jþ1 � 1Þ

0
@

1
A

� CjP max
1�k�kn

jjVð1Þ
n, k � EVð1Þ

n, kjj >
2e

3ð3jþ1 � 1Þ
	 


þ P max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

����� > 2e

3ð3jþ1 � 1Þ

0
@

1
A

0
@

1
A

2j

ðby Lemma 2:2Þ

� 0þ P max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

����� > 2e

3ð3jþ1 � 1Þ

0
@

1
A

0
@

1
A

J

ðby ð3:5ÞÞ

� 3ð3jþ1 � 1Þ
2e

	 
pJ

E max
1�k�kn

Xk
i¼1

ðVð1Þ
n, i � EVð1Þ

n, i Þ
�����

�����
�����

�����
0
@

1
A

p
0
B@

1
CA

J

ðby the Markov in equalityÞ

� 3ð3jþ1 � 1Þ
2e

	 
pJ

AJ
p

Xkn
k¼1

EjjVð1Þ
n, k � EVð1Þ

n, kjjp
0
@

1
A

J

ðby Lemma 2:3Þ

� 3ð3jþ1 � 1Þ
2e

	 
pJ

2pJAJ
p

Xkn
k¼1

EjjVð1Þ
n, kjjp

0
@

1
A

J

ðby the cr � inequality and Jensen0s inequalityÞ

� 3ð3jþ1 � 1Þ
2e

	 
pJ

2pJAJ
p

Xkn
k¼1

EðjjVn, kjjpIðjjVn, kjj � d1ÞÞ
0
@

1
A

J

:

Hence, I < 1 by the assumption (3.2).
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Next, we show that II < 1: Note that for all n � 1,

P max
1�k�kn

Xk
i¼1

ðVð2Þ
n, i � EVð2Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

� 3
e
E max

1�k�kn

Xk
i¼1

ðVð2Þ
n, i � EVð2Þ

n, i Þ
�����

�����
�����

�����
0
@

1
A ðby the Markov inequalityÞ

� 3
e
A1

Xkn
i¼1

EjjVð2Þ
n, i � EVð2Þ

n, i jj ðby Lemma 2:3 with p ¼ 1Þ

� 6
e
A1

Xkn
i¼1

EjjVð2Þ
n, i jj

¼ 6
e
A1

Xkn
i¼1

EðjjVn, ijjIðA < jjVn, ijj � d2ÞÞ

� 6d2
e

A1

Xkn
i¼1

EðIðA < jjVn, ijj � d2ÞÞ

� 6d2
e

A1

Xkn
i¼1

PðjjVn, ijj > AÞ:

Hence, II < 1 by the assumption (3.1).
Finally, we show that III < 1: By the assumption (3.3),

max
1�k�kn

Xk
i¼1

ðEVð1Þ
n, i þ EVð2Þ

n, i Þ
�����

�����
�����

����� ¼ max
1�k�kn

Xk
i¼1

EðVn, iIðjjVn, ijj � d2ÞÞ
�����

�����
�����

�����! 0 as n ! 1

and so there exists a positive integer N such that

max
1�k�kn

Xk
i¼1

ðEVð1Þ
n, i þ EVð2Þ

n, i Þ
�����

�����
�����

����� � e
6

for all n � N: (3.6)

Then for all n � N,

P max
1�k�kn

Xk
i¼1

Vð3Þ
n, i þ

Xk
i¼1

ðEVð1Þ
n, i þ EVð2Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

� P max
1�k�kn

Xk
i¼1

Vð3Þ
n, i

�����
�����

�����
�����þ max

1�k�kn

Xk
i¼1

ðEVð1Þ
n, i þ EVð2Þ

n, i Þ
�����

�����
�����

����� > e
3

0
@

1
A

� P max
1�k�kn

Xk
i¼1

Vð3Þ
n, i

�����
�����

�����
����� > e

6

0
@

1
Aþ 0 ðby ð3:6ÞÞ

� P [kn
k¼1

jjVn, kjj > d2½ �
	 


�
Xkn
k¼1

PðjjVn, kjj > d2Þ:

Hence, III < 1 by the assumption (3.1). This completes the proof. w
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Remark 3.1.
(i) If the hypotheses of Theorem 3.1 are satisfied with cn ¼ 1, n � 1, then

max
1�k�kn

Xk
i¼1

Vn, i

�����
�����

�����
����� converges completely to 0:

Thus, when cn ¼ 1, n � 1, Theorem 3.1 improves Theorem 2 of Hern�andez,
Urmeneta, and Volodin [6] from which it can only be concluded that

Xkn
i¼1

Vn, i

�����
�����

�����
����� converges completely to 0:

(ii) Suppose that the hypotheses of Theorem 3.1 are satisfied with J¼ 1. Then
(3.2) holds with d1 replaced with d2. In other words, when J¼ 1, Theorem 3.1
is equivalent to the same theorem but with a common value of d > 0 taken
for d1 and d2 in (3.2) and (3.3), respectively. (The argument is identical to that
in Remark 3.1 of Hu, Rosalsky, and Volodin [1]).

(iii) In Example 5.1, it is shown that Theorem 3.1 can fail if 1 < p � 2 and the
underlying Banach space is not of Rademacher type p.

4. Corollaries

The first corollary follows immediately from Theorem 3.1 and it is originally due to
Pingyan and Shixin [7], Theorem 2.1. Hence Theorem 3.1 is a bona fide extension of
Theorem 2.1 of Pingyan and Shixin [7] from the (real-valued) random variables case to
the case of random elements taking values in a real separable Rademacher type p ð1 �
p � 2Þ Banach space.

Corollary 4.1. (Pingyan and Shixin [7], Theorem 2.1). Let fVn, k, 1 � k � kn, n � 1g be
an array of rowwise independent (real-valued) random variables and let fcn, n � 1g be a
sequence of positive constants. Suppose for some J � 2 and some d > 0

X1
n¼1

cn
Xkn
k¼1

PðjVn, kj > eÞ < 1 for all e > 0,

X1
n¼1

cn
Xkn
k¼1

E V2
n, kI jVn, kj � dð Þ

� �0
@

1
A

J

< 1,

and

max
1�k�kn

Xk
i¼1

EðVn, iIðjVn, ij � dÞÞ
�����

�����! 0 as n ! 1:
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Then

X1
n¼1

cnP max
1�k�kn

Xk
i¼1

Vn, i

�����
����� > e

0
@

1
A < 1 for all e > 0:

Remark 4.1.
(i) In contradistinction to conditions (3.2) and (3.3) of Theorem 3.1 wherein d1 is

not necessarily equal to d2, two of the conditions in Corollary 4.1 involve the
same d.

(ii) In Example 5.2, (a) the conditions of Theorem 3.1 are satisfied with 0 < d1 <
d2, (b) the conditions of Theorem 3.1 are not satisfied if d1 ¼ d2 > 0, and (c)
the conditions of Corollary 4.1 are not satisfied.

Corollary 4.2. Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent random
elements taking values in a real separable Rademacher type p ð1 � p � 2Þ Banach space
and let fcn, n � 1g be a sequence of positive constants. Let Q : ½0,1Þ ! ½0,1Þ be such
that for some d1 > 0 and some 0 < C < 1,

xp � CQðxÞ for all x 2 ð0, d1�: (4.1)

Suppose that (3.1) holds, (3.3) holds for some d2 > 0, and

X1
n¼1

cn
Xkn
k¼1

EQðjjVn, kjjÞ
0
@

1
A

J

< 1 for some J > 0: (4.2)

Then (3.4) holds.

Proof. In view of Theorem 3.1, it suffices to verify (3.2) with d1 as in (4.1) and J as in
(4.2). To this end,

X1
n¼1

cn
Xkn
k¼1

EðjjVn, kjjpIðjjVn, kjj � d1ÞÞ
0
@

1
A

J

¼
X1
n¼1

cn
Xkn
k¼1

E
jjVn, kjjp

QðjjVn, kjjÞ Ið0 < jjVn, kjj � d1ÞQðjjVn, kjjÞ
 !0

@
1
A

J

� C
X1
n¼1

cn
Xkn
k¼1

EQðjjVn, kjjÞ
0
@

1
A

J

ðby ð4:1ÞÞ

< 1 ðby ð4:2ÞÞ
thereby verifying (3.2). w

The next corollary follows immediately from Corollary 4.2 since (4.1) is immediate
with C ¼ d1 ¼ 1 and QðxÞ ¼ xq, x � 0:

Corollary 4.3. Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent random
elements taking values in a real separable Rademacher type p ð1 � p � 2Þ Banach space
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and let fcn, n � 1g be a sequence of positive constants. Suppose that (3.1) holds, (3.3)
holds for some d2 > 0, and

X1
n¼1

cn
Xkn
k¼1

EjjVn, kjjq
0
@

1
A

J

< 1 for some 0 < q � p and some J > 0: (4.3)

Then (3.4) holds.

Corollary 4.4. Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent mean 0
random elements taking values in a real separable Rademacher type p ð1 � p � 2Þ
Banach space and let fcn, n � 1g be a sequence of positive constants. Suppose that (3.1)
and (4.3) hold and

Xkn
k¼1

EðjjVn, kjjIðjjVn, kjj > MÞÞ ! 0 as n ! 1 for some M > 0: (4.4)

Then (3.4) holds.

Proof. In view of Corollary 4.3, it suffices to verify (3.3) with d2 ¼ M: To this end,

max
1�k�kn

Xk
i¼1

EðVn, iIðjjVn, ijj � MÞÞ
�����

�����
�����

�����
�
Xkn
i¼1

jjEðVn, iIðjjVn, ijj � MÞÞjj

¼
Xkn
i¼1

jjEðVn, iIðjjVn, ijj > MÞÞjj ðsince the Vn, i all have mean 0Þ

�
Xkn
i¼1

EðjjVn, ijjIðjjVn, ijj > MÞÞ ! 0 as n ! 1

by (4.4) thereby verifying (3.3) with d2 ¼ M: w

Remark 4.2. It is easy to see that a sufficient condition for (4.4) is that

Xkn
k¼1

EjjVn, kjjr ! 0 as n ! 1 for some r � 1: (4.5)

Moreover, if (4.3) holds with q � 1 and lim infn!1 cn > 0, then (4.5) holds with r¼ q.
An array of random elements fVn, k, 1 � k � kn, n � 1g is said to be stochastically

dominated by a random variable X if there exists a constant D < 1 such that

PðjjVn, kjj > xÞ � DPðDjXj > xÞ (4.6)

for all x � 0 and all 1 � k � kn and all n � 1:
Let fan, k, 1 � k � kn, n � 1g be an array of constants (called weights). The following

corollary establishes a complete convergence result for weighted sums. In the proof of
Corollary 4.5, the symbol C denotes a generic constant (0 < C < 1) which is not
necessary the same one in each appearance.
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Corollary 4.5. Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent random
elements taking values in a real separable Rademacher type p ð1 � p � 2Þ Banach space.
Suppose that fVn, k, 1 � k � kn, n � 1g is stochastically dominated by a random variable
X. Let fan, k, 1 � k � kn, n � 1g be an array of constants such that

Xkn
k¼1

jan, kjp ¼ Oðn�aÞ for some a > 0: (4.7)

Suppose that

kn ¼ oðna=pÞ (4.8)

and

EjXjp < 1: (4.9)

Then for all b < a� 1,

X1
n¼1

nbP max
1�k�kn

Xk
i¼1

an, iVn, i

�����
�����

�����
����� > e

0
@

1
A < 1 for all e > 0: (4.10)

Proof. We may assume that b � �1 since the corollary is only of interest in this case.
Let D < 1 be as in (4.6). We only need to verify with cn ¼ nb, n � 1 that the assump-
tions (3.1), (3.3), and (4.3) with q¼ p of Corollary 4.3 hold with an, kVn, k playing the
role of Vn, k in the formulation of that corollary.
To verify (3.1), note that for b < a� 1 and e > 0,

X1
n¼1

nb
Xkn
k¼1

Pðjjan, kVn, kjj > eÞ � D
X1
n¼1

nb
Xkn
k¼1

P jXj > e
Djan, kj

	 

ðby stochastic dominationÞ

� D
X1
n¼1

nb
Xkn
k¼1

Dpe�pjan, kjpEjXjp ðby the Markov inequalityÞ

� C
X1
n¼1

nb
Xkn
k¼1

jan, kjp ðby ð4:9ÞÞ

� C
X1
n¼1

nb�a ðby ð4:7ÞÞ

< 1 ðsince b < a� 1Þ

thereby verifying (3.1).
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To verify (3.3), note that for any d2 > 0,

max
1�k�kn

Xk
i¼1

Eðan, iVn, iIðjjan, iVn, ijj � d2ÞÞ
�����

�����
�����

�����
�
Xkn
i¼1

jan, ijEjjVn, ijj

� D2EjXjkn max
1�i�kn

jan, ij ðby stochastic dominationÞ

� C
kn
na=p

ðby ð4:9Þ and ð4:7ÞÞ
! 0 as n ! 1 ðby ð4:8ÞÞ

thereby verifying (3.3).
Finally, to verify (4.3) with q¼ p, note that for any J > bþ1

a � 0,

X1
n¼1

nb
Xkn
k¼1

Ejjan, kVn, kjjp
0
@

1
A

J

¼
X1
n¼1

nb
Xkn
k¼1

jan, kjpEjjVn, kjjp
0
@

1
A

J

�
X1
n¼1

nb
Xkn
k¼1

jan, kjpDpþ1EjXjp
0
@

1
A

J

ðby stochastic dominationÞ

� C
X1
n¼1

nb�aJ ðby ð4:9Þ and ð4:7ÞÞ

< 1 since J >
bþ 1
a

	 


thereby verifying (4.3). w

Remark 4.3. There is a tradeoff in Corollary 4.5 involving p and the hypotheses; the
larger is p, the stronger is the Rademacher type p assumption and conditions (4.8) and
(4.9) but the weaker is condition (4.7). Moreover, the larger is a, the stronger is condi-
tion (4.7) as well as the conclusion (4.10).

5. Examples

The following modification of an example presented in Kuczmaszewska and Szynal [8]
shows that Theorem 3.1 can fail if 1 < p � 2 and the underlying Banach space is not of
Rademacher type p.

Example 5.1. Let ‘1 denote the real separable Banach space of absolutely summable real
sequences x ¼ ðx1, x2, :::Þ with norm jjxjj ¼P1

i¼1 jxij and let p 2 ð1, 2�: It is well known
that ‘1 is not of Rademacher type p. Let ek denote the k-th element of the standard basis
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in ‘1; that is, ek is the element of ‘1 having 1 for its k-th coordinate and 0 for the other
coordinates. Let fRn, k, 1 � k � n, n � 1g be an array of rowwise independent
Rademacher random variables:

PðRn, k ¼ 1Þ ¼ PðRn, k ¼ �1Þ ¼ 1
2
, 1 � k � n, n � 1:

Define

Vn, k ¼ Rn, kek
n

, 1 � k � n, n � 1:

Thus fVn, k, 1 � k � n, n � 1g is an array of rowwise independent random elements in
‘1: Let

cn ¼ 1, n � 1, d1 ¼ d2 ¼ 1, and J >
1

p� 1
:

Note that

jjVn, kjj ¼ 1
n
a:s:, 1 � k � n, n � 1:

It is easy to verify that (3.1), (3.2), and (3.3) hold. However,

Xk
i¼1

Vn, i

�����
�����

�����
����� ¼ 1

n

Xk
i¼1

Rn, iei

�����
�����

�����
����� ¼ 1

n

Xk
i¼1

1 ¼ k
n
a:s:, 1 � k � n, n � 1

and so for all e in (0, 1),

X1
n¼1

P max
1�k�n

Xk
i¼1

Vn, i

�����
�����

�����
����� > e

0
@

1
A ¼

X1
n¼1

P
Xn
i¼1

Vn, i

�����
�����

�����
����� > e

 !
¼
X1
n¼1

1 ¼ 1:

Thus (3.4) fails.
In the following example, the hypotheses of Theorem 3.1 are satisfied but those of

Corollary 4.1 are not. Example 5.2 is a modification of Example 4.1 of Hu, Rosalsky,
and Volodin [1].

Example 5.2. Let p ¼ 2, J > 1, and define sequences fpn, n � 1g, fkn, n � 1g, and
fcn, n � 1g as follows. For n � 1, let

pn ¼ 1
2n

, kn ¼
b2nnð log ðnþ 1ÞÞ2c, n odd

2n

nð log ðnþ 1ÞÞ2
$ %

, n even
, and cn ¼

1

n2ð log ðnþ 1ÞÞ4 , n odd

1, n even:

8<
:

8>><
>>:

Let 0 < a < 1: Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent
random variables where

PðVn, k ¼ �aÞ ¼ pn,P Vn, k ¼ apn
1� pn

	 

¼ 1� pn, 1 � k � kn, n � 1:
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Note that

ap1
1� p1

¼ a and
apn

1� pn
# 0: (5.1)

In Hu, Rosalsky, and Volodin [1], it is shown that

(i) (3.1) holds
and

(ii) (3.2) holds if 0 < d1 < a and (3.2) fails if d1 � a:
Next, if d2 � a, it follows from (5.1) that

max
1�k�kn

Xk
i¼1

EðVn, iIðjVn, ij � d2ÞÞ
�����

����� ¼ max
1�k�kn

Xk
i¼1

EVn, i

�����
����� ¼ max

1�k�kn

Xk
i¼1

0

�����
����� ¼ 0:

On the other hand if 0 < d2 < a, then it follows from (5.1) that for all large n,

max
1�k�kn

Xk
i¼1

EðVn, iIðjVn, ij � d2ÞÞ
�����

�����
�
Xkn
i¼1

EðVn, iIðjVn, ij � d2ÞÞ
�����

�����
¼
Xkn
i¼1

apn
1� pn

� ð1� pnÞ ¼ aknpn 6! 0 as n ! 1

since knpn � nð log nÞ2 for n odd. Hence

(iii) (3.3) holds if d2 � a and (3.3) fails if 0 < d2 < a:

It follows from (i), (ii), and (iii) that for p ¼ 2, J > 1, and 0 < d1 < a � d2 that the
hypotheses of Theorem 3.1 are satisfied and hence (3.4) holds. But in view of (ii) and
(iii), the hypotheses of Theorem 3.1 are not satisfied if d1 ¼ d2 > 0 and there does not
exist a value of d > 0 satisfying the hypotheses of Corollary 4.1.
The following example shows that Theorem 3.1 can fail if (3.3) is weakened to (1.3);

that is, under the conditions of Theorem 1.1, the conclusion (3.4) of Theorem 3.1 does
not necessarily hold.

Example 5.3. Define sequences fkn, n � 1g and fcn, n � 1g as follows. For n � 1, let

kn ¼ 2n and cn ¼ 1
n
:

Let fVn, k, 1 � k � kn, n � 1g be an array of rowwise independent random variables
where for n � 1,

P Vn, k ¼ � 1
nþ 2

	 

¼ n2 þ 2n

ðnþ 1Þ2 and PðVn, k ¼ nÞ ¼ 1

ðnþ 1Þ2 , 1 � k � n

and
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P Vn, k ¼ 1
nþ 2

	 

¼ n2 þ 2n

ðnþ 1Þ2 and PðVn, k ¼ �nÞ ¼ 1

ðnþ 1Þ2 , nþ 1 � k � 2n:

We first verify that (3.1) holds. For arbitrary e > 0 and all large n,

cn
Xkn
k¼1

PðjVn, kj > eÞ ¼ 1
n

X2n
k¼1

PðjVn, kj ¼ nÞ

¼ 1
n

n � 1

ðnþ 1Þ2 þ n � 1

ðnþ 1Þ2
	 


¼ 2

ðnþ 1Þ2

which is summable and so (3.1) holds.
Next, let p ¼ 2, J > 0, and d1 > 0: We verify that (3.2) holds. Now for all large n,

cn
Xkn
k¼1

EðjVn, kj2IðjVn, kj � d1ÞÞ
0
@

1
A

J

¼ 1
n

X2n
k¼1

EðV2
n, kIðjVn, kj � d1ÞÞ

 !J

¼ 1
n

n � � 1
nþ 2

	 
2 n2 þ 2n

ðnþ 1Þ2 þ n � 1
nþ 2

	 
2 n2 þ 2n

ðnþ 1Þ2
 !J

� 1
n

2
nþ 2

	 
J

which is summable since J> 0 and so (3.2) holds.
We now verify that (3.3) fails. Note that for all d2 > 0 and all large n,

max
1�k�kn

Xk
i¼1

EðVn, iIðjVn, ij � d2ÞÞ
�����

�����
¼ max

1�k�2n

Xk
i¼1

E Vn, iI jVn, ij ¼ 1
nþ 2

	 
	 
�����
�����

�
Xn
i¼1

E Vn, iI jVn, ij ¼ 1
nþ 2

	 
	 
�����
�����

¼ n � � 1
nþ 2

	 

n2 þ 2n

ðnþ 1Þ2
�����

�����! 1 as n ! 1:

Thus (3.3) fails.
Next, we verify that (3.4) fails. Note that for all n � 1,

n � � 1
nþ 2

	 
����
���� ¼ n

nþ 2
� 1

3
>

1
4

(5.2)

and so
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X1
n¼1

cnP max
1�k�kn

Xk
i¼1

Vn, i

�����
����� > 1

4

0
@

1
A ¼

X1
n¼1

1
n
P max

1�k�2n

Xk
i¼1

Vn, i

�����
����� > 1

4

0
@

1
A

�
X1
n¼1

1
n
P

Xn
i¼1

Vn, i

�����
����� > 1

4

 !

�
X1
n¼1

1
n
P

Xn
i¼1

Vn, i

�����
����� ¼ n � � 1

nþ 2

	 
����
����

 !
ðby ð5:2ÞÞ

�
X1
n¼1

1
n
P \n

i¼1
Vn, i ¼ � 1

nþ 2

� �	 


¼
X1
n¼1

1
n

Yn
i¼1

P Vn, i ¼ � 1
nþ 2

	 


¼
X1
n¼1

1
n

n2 þ 2n

ðnþ 1Þ2
 !n

¼
X1
n¼1

1
n

1� 1

ðnþ 1Þ2
	 
n

�
X1
n¼1

1
n

1� 1
n

	 
n

¼
X1
n¼1

1
n
ð1þ oð1ÞÞe�1

¼ 1:

Thus (3.4) fails.
However, for any d2 > 0 and all large n,

Xkn
k¼1

EðVn, kIðjVn, kj � d2ÞÞ ¼
X2n
k¼1

E Vn, kI jVn, kj ¼ 1
nþ 2

	 
	 


¼ n � � 1
nþ 2

	 

n2 þ 2n

ðnþ 1Þ2 þ n � 1
nþ 2

	 

n2 þ 2n

ðnþ 1Þ2
¼ 0

and so (1.3) holds. Noting that (3.1) and (3.2) coincide with (1.1) and (1.2), respectively,
it follows from (1.1), (1.2), (1.3), and Theorem 1.1 that (1.4) holds.
The following example illustrates Corollary 4.3. The example is a modification of

Example 5.1 of Hu, Rosalsky, and Wang [3].

Example 5.4. Let fVn, n � 1g be a sequence of independent and identically distributed
random elements taking values in a real separable Rademacher type p ð1 � p � 2Þ
Banach space. Let a � 0, J > 0, 0 < q � p, and k > ððq� 1ÞJ � a� 1Þ� 0: Suppose that
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EjjV1jjmaxfq, r, 1g < 1 for some r >
ðaþ 2ÞqJ

aþ J þ kþ 1
:

Set

Vn, k ¼ Vk

n
aþJþkþ1

qJ

, 1 � k � n, n � 1:

Let kn ¼ n and cn ¼ na, n � 1: In Example 5.1 of Hu, Rosalsky, and Wang [3], it is
shown that (3.1) and (4.3) hold. We now verify that (3.3) holds with d2 ¼ 1: Note that

max
1�k�n

Xk
i¼1

EðVn, iIðjjVn, ijj � 1ÞÞ
�����

�����
�����

����� �
Xn
i¼1

EjjVn, ijj

¼
Xn
i¼1

E
jjV1jj
n

aþJþkþ1
qJ

 !

¼ EjjV1jj
n

aþJþkþ1�qJ
qJ

! 0 as n ! 1

since k > ðq� 1ÞJ � a� 1 and so (3.3) holds. Thus, by Corollary 4.3,

X1
n¼1

naP max
1�k�n

Xk
i¼1

Vi

�����
�����

�����
����� > en

aþJþkþ1
qJ

0
@

1
A < 1 for all e > 0:
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